Preface
The author has given courses on the dynamics of structures and the theory of matrix structural analysis to students in several graduate schools (such as Mechanical, Civil, Aeronautical, Marine engineering, etc.) of the Engineering College, National Cheng-Kung University (NCKU), Taiwan, for more than 30 years. In addition to some reference books, lecture notes are the main teaching materials. Since the contents of lecture notes were usually changed annually, some students have asked me to write a book to cover the material in all my lecture notes over the past years. That is the main reason why I have written this book. In addition, it was also important to write a book to introduce the theories and methods presented in some of the author's publications appearing in international journals, despite the much trouble regarding the third-party permissions. The title of this book is Analytical and Numerical Methods for Vibration Analyses. It is obvious that the computer is one of the main tools for the solution of vibration problems, using either the analytical or the numerical methods introduced in this book. However, it is hoped that this book can also provide some useful information for readers who are not so familiar with computer languages or programming.
One of the predominant features of this book is that most of the introduced theories and associated mathematical expressions are confirmed by numerical examples. Most of the numerical results are obtained from two or three different methods, and good agreement between the numerical results of different methods is achieved. For example, in Chapter 4, the lowest five natural frequencies and corresponding mode shapes of a uniform or non-uniform beam carrying an arbitrary number of concentrated elements, including lumped masses (with eccentricities and rotary inertias), linear springs, rotational springs and spring-mass systems, are determined by three methods: the lumped-mass model transfer matrix method (LTMM); the continuous-mass model transfer matrix method (CTMM); and the conventional finite element method (FEM). In Chapter 7, for either out-of-plane or in-plane vibrations, the lowest five natural frequencies and associated mode shapes of a circularly curved beam carrying an arbitrary number of concentrated elements are also determined by three methods: the analytical (exact) method; the FEM with curved beam elements, FEM(curved); and the conventional FEM with straight beam elements, FEM(straight). In the other chapters, most of the numerical results are obtained from both the classical analytical (exact) method and the conventional FEM.
Since longitudinal and torsional vibration analyses are also important in the design of the propulsive shafting systems of ships, some attention is paid to the introduction of the axial vibrations of uniform and conical rods, and the torsional vibrations of uniform and conical shafts by using analytical methods, the TMM and the FEM. In addition, in existing books, the shape functions associated with the 12 degrees of freedom of the three-dimensional Timoshenko beam element are incomplete or neglected. Thus, in Chapter 6, much effort is devoted to their derivation, and then a consistent approach is used to determine the element stiffness matrix and consistent mass matrix by using these shape functions. Furthermore, in the existing literature, the forced vibration response "amplitudes" of a single-degree-offreedom (SDOF) or a multi-degree-of-freedom (MDOF) system are determined from the "steady-state" responses, and the free vibrating effects appearing in the intermediate steps of forced vibrations are neglected. Since the amplitudes of the last classical "steady-state" responses are much less than the corresponding ones of "total" responses near resonance, in Chapter 8 an efficient technique for determining the amplitudes of "total" forced vibration responses of SDOF and MDOF systems is introduced, in addition to the theory for obtaining the amplitudes of classical "steady-state" responses. Numerical results reveal that the CPU time required by the introduced approach is less than 1% of that required by the conventional FEM. It is noted that a few statements or equations are repeated in this book for the convenience of readers.
At the moment of drinking water, one should think about where that water has come from. This is thus a suitable place for me to say "thanks" to some important people. I came from a farming family, where each member worked very hard. So, first of all, I must thank my father, mother, brothers and sister. It is because of their guidance and care since my childhood that I can overcome most difficulties. I am also greatly indebted to my wife (C.L. Chen) for her long-term support without complaint. Next, I would like to thank Mr. S.Y. Huang, president of Pin-Ho Iron Works, Inc., in whose factory I gained much practical experience. I am also grateful to Professor K.Y. Li, one of my teachers in the Department of Mechanical Engineering, NCKU; at his recommendation I became a teacher and begin my teaching career in the university. Definitely, he is one of my benefactors and will be remembered forever. My thanks also go to Professor C. Kuo in the Department of Shipbuilding and Marine Technology, University of Strathclyde, UK. My first paper in an international journal, "On wave-excited ship vibrations in regular waves and in confused seas", was finished under his supervision. Of course, the financial support of the National Science Council (NSC), Taiwan, leading to my Ph.D. is highly appreciated. I would also like to thank Professor J.R. Maa, one of the former presidents of NCKU -he is a respected scholar and officer, and I learnt a lot from him about many things. Particular thanks go to the following for their help and encouragement: Some materials in this book come from projects supported by the NSC, and this book was finished in the pleasant environment provided by NCKU, both of which are much appreciated. Of course, I must also say "thanks" to many of my other colleagues, friends and students, although they are not mentioned above because of space limitations. Finally, I would like to give my best regards to the anonymous reviewers for their valuable comments on and kind advice about my publications.
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Introduction to Structural Vibrations
For the convenience of subsequent descriptions, some terminology is introduced first. Then, the lowest 20 natural frequencies and associated mode shapes of a three-dimensional freefree (F-F) uniform beam obtained from the conventional finite element method (FEM) are used to show the types of vibrations: rigid-body motions and elastic vibrations. In general, the so-called vibrations refer to elastic vibrations, including longitudinal (or axial), torsional and bending vibrations. Furthermore, bending vibrations are also called flexural, transverse or lateral vibrations. For practice, the natural frequency chart for a ship under light and heavy loading conditions is used to illustrate the purpose of general free vibration analysis. The time histories and frequency-response (amplitude) curves of three points on a uniform beam with pinned-pinned supporting conditions and subjected to a vertical harmonic exciting force are used to indicate the main objective of forced vibration analysis. For a complicated system, either global vibration or local vibration or both may be important for the solution of the vibration problem concerned, and thus some relevant information is also introduced. Finally, the contents of this book are briefly outlined.
Terminology (a) Degrees of Freedom
The minimum number of independent coordinates required to define the configuration of a dynamic system at any instant of time is called the degrees of freedom (DOFs) of the system. Since the instantaneous position of an unconstrained particle in space can be determined by three independent coordinates (u x , u y and u z ), it has three DOFs in space. Similarly, the instantaneous position of an unconstrained rigid body in space can be determined by six independent coordinates (u x , u y , u z , u x , u y and u z ), and it has six DOFs in space. Here the symbols u x , u y and u z denote the translational (or linear) displacements of the center of gravity of the rigid body with respect to the reference coordinate system xyz, while u x , u y and u 
(b) Free Vibration
The vibration of a system occurring in the absence of forced vibration is called free vibration. It is a phenomenon of repeated oscillations induced by the initial displacement(s) and/or initial velocity (or velocities) of the system.
(c) Natural Frequency
The number of repeated oscillations per unit time is called the natural frequency for a free vibration system. The total number of natural frequencies for a free vibration system is equal to the total number of DOFs of the system, among which the lowest one is called the fundamental frequency. The unit of natural frequency obtained from the characteristic (or eigenproblem) equation of a vibrating system is "radians per second" (rad/s). The frequency with unit "rad/s" is called circular frequency (or angular frequency) and denoted by v. For convenience, the cyclic frequency with unit "cycles per second" (cps or Hz) is frequently used and denoted by f. The relationship between circular frequency v and cyclic frequency f is given by v ¼ 2pf or f ¼ v=ð2pÞ. Another commonly used unit of natural frequency is "revolutions per minute" (RPM) and denoted by N. It is evident that N ¼ 60 f ¼ 60v=ð2pÞ.
(d) Forced Vibration
The oscillation of a system induced by external dynamic loads is called forced vibration. Because an external load is a vector possessing magnitude, direction and position, any load with time-dependent magnitude, direction and/or position is a dynamic load. It is obvious that the oscillation of a system subjected to a dynamic load is time-dependent.
(e) Resonance
The dynamic response amplitude of a forced vibration system is dependent on many factors, among which the exciting frequency v e of the external load is the most important one. The (global or local) maximum response amplitude of a vibrating system will appear when v e approaches any of the natural frequencies of the system (particularly when v e % v 1 ). This dynamic condition is called resonance of the vibrating system.
(f) Damping and Critical Damping Coefficient
In the natural environment, the vibration amplitude of a free vibration system will decay with time and finally stop. This is because the kinetic energy of the vibrating system is consumed by the surrounding friction or resistance. The mechanism that can consume the energy of a vibration system is called damping. In general, the damping of most vibrating systems is small and its influence on the natural frequencies or forced vibration responses is negligible. However, a slight damping can significantly reduce the maximum response amplitude of a vibrating system in the resonant condition. In other words, the damping is important for a vibrating system near resonance. A single-degree-of-freedom (SDOF) system can perform free vibration only if its damping coefficient is less than a critical value c c ¼ 2 ffiffiffiffiffiffi ffi km p , with k and m denoting its stiffness and mass, respectively. The value of c c is called the critical damping coefficient of the vibrating system. If c denotes the actual damping coefficient of a SDOF system, then the system is an under-damped, critically damped or over-damped system dependent on whether c < c c , c ¼ c c or c > c c . It is noted that only an under-damped system can perform free vibrations. For a system with c ! c c and subjected to an impact load, it will depart from its static equilibrium position (SEP) and then gradually return to its original SEP. In such a case, no free vibration of the system will occur.
(g) Periodic Motion and Harmonic Motion
If the same motion of a system repeats with the same time interval t, this kind of motion is called periodic motion and the time interval t is called the period of the motion. Based on the definition of the cyclic frequency f, one has f ¼ 1=t or t ¼ 1=f. A periodic motion may be simple or complex. A simple periodic motion with displacement vðtÞ taking the form vðtÞ ¼ v 0 sin vt, vðtÞ ¼ v 0 cos vt or vðtÞ ¼ v 0 e i$t is called harmonic motion, and v 0 and v are the amplitude and natural frequency of the vibrating system, respectively. 
(i) Geometric and Natural Boundary Conditions
The supporting conditions of a structural system are called its boundary conditions (BCs). Among these, the conditions associated with the compatibility (or continuity) of deformations (including linear and angular displacements) are called geometric boundary conditions (or essential or imposed BCs), and those associated with the equilibrium of forces (including moments) are called natural boundary conditions (or additional or dynamic BCs). For example, for a beam performing transverse vibrations, the BCs of the clamped end require that the linear and angular displacements at that end must be equal to zero; thus, the BCs for a clamped end belong to the geometric BCs. However, the BCs of the free end require that the shearing force and bending moment at that end must be equal to zero; thus, the BCs for a free end belong to the natural BCs. Since the BCs of the pinned end require that the linear displacement and bending moment at that end must be equal to zero, the BCs for a pinned end include one geometric BC and one natural BC. Although both geometric and natural BCs are associated with the classical analytical method, only geometric BCs are involved in the conventional finite element method (FEM) because the natural BCs do not affect the constrained DOFs.
(j) Classical and Non-Classical Boundary Conditions
The BCs of a bare beam are called classical boundary conditions. Because all classical BCs are equal to zero, they are also called zero BCs. However, for a loaded beam with its free (or pinned) end attached by various concentrated elements, such as a lumped mass possessing eccentricity and rotary inertia, a linear spring, a rotational spring and/or a spring-mass system, the associated BCs are not equal to zero, and such non-zero BCs are called non-classical boundary conditions.
(k) Discrete System and Continuous System
A structural system may be considered as a discrete system or a continuous system, dependent on the feasibility of the problem concerned. Table 1 .1 shows the main differences between them [1]. In theory, decreasing the size of masses and increasing the number of DOFs of a discrete system, one will obtain a continuous system in the limit. However, the above statement is not always true due to numerical problems. 
(n) Uncoupled and Coupled Vibrations
For a uniform straight beam satisfying the assumptions given later in Section 6.5.1, if the longitudinal vibration, torsional vibration or bending vibration of the beam occurs individually, it is called uncoupled vibration. However, for a curved beam (or for a straight beam that does not satisfy the assumptions given in Section 6.5.1), two or all of the abovementioned three kinds of vibrations always occur simultaneously, and they are called coupled vibrations.
For details about most of the foregoing terms, one may refer to Refs. [2-5].
Types of Vibration
According to the theory of the finite element method (FEM) [6], a two-node three-dimensional (3D) beam element has 12 degrees of freedom (DOFs) as shown in Figure 1 .1(a). The nodal displacements associated with the 12 DOFs are denoted by u 1 , u 2 , u 3 , . . . , u 11 and u 12 . Among these, (u 1 , u 2 , u 3 ) and (u 4 , u 5 , u 6 ) denote the translational (linear) displacements in the x, y, z directions and the rotational (angular) displacements about the x, y, z axes at the left end (node r) of the beam element, respectively, while (u 7 , u 8 , u 9 ) and (u 10 , u 11 , u 12 ) are the corresponding translational (linear) and rotational (angular) displacements at right end (node s) of the beam element, respectively. In Figure 1 .1(a), xyz is the local coordinate system for the beam element. A 3D Euler beam with total length L and composed of n beam elements and n þ 1 nodes, as shown in Figure 1.1(b) , has 6ðn þ 1Þ DOFs. However, when the beam is subdivided into more beam elements, the length of each beam element becomes smaller and the total number n becomes larger. For the case of n large enough (e.g., n ¼ 200), the results of FEM for the discrete system will be very close to those of the classical analytical method for the continuous system.
For convenience, the natural frequencies and corresponding mode shapes of a free-free (F-F) uniform beam with total length L ¼ 2:0 m, diameter d ¼ 0:05 m, mass density r ¼ 7850 kg=m 3 and Young's modulus E ¼ 2:068 Â 10 11 N=m 2 are determined by using the Jacobi method [7] introduced in Chapter 5. In Figure 1.1(b) , xyz is the global coordinate system for the entire beam. For the present example, the global xyz system is parallel to the local xyz system. Table 1 .2 shows the lowest several natural frequencies and corresponding mode shapes of the 3D beam. The total number of beam elements used is n e ¼ 20 and it is noted that the effects of SD and RI are neglected for the Euler beam. From Table 1 .2 one should note the following: (a) The lowest six natural frequencies are very close to zero, and from their corresponding mode shapes shown in the middle column of Table 1 .2 one sees that they are the rigid-body modes. This is because they are the mode shapes associated with translations and rotations of the entire beam as a rigid body. Because the 3D beam shown in Figure 1 .1 (b) is symmetric with respect to the xy plane and the xz plane, the natural frequency and mode shape associated with rotation about the z axis (u z ) (i.e., mode no. 1 in Table 1 .2) are the same as those about the y axis (u y ) (i.e., mode no. 2 in Table 1 .2). Similarly, the natural frequency and mode shape associated with translation in the y direction (u y ) are the same as those in the z direction (u z ), as one may see from mode nos. 5 and 6 in Table 1 .2. For a rigid beam rotating about the x axis (or translating in the x direction), its angular displacement u x (or linear displacement u x ) is a constant for each point along the beam length L. This is the reason why the mode shapes for u x and u x take the forms shown in Table 1 .2 for mode nos. 3 and 4. Note that the mode shape of a vibrating system denotes only the ratios between modal displacements for the points of the entire system in a specified vibration mode rather than the actual displacements of the points concerned. Furthermore, each node of a mode shape refers to the intersection (point) between the mode shape and the curve of the static equilibrium positions (SEPs) excluding the boundary supports. (b) For the F-F 3D beam shown in Figure 1 .1(b), all six natural frequencies corresponding to the six rigid-body modes should be equal to zero according to the classical analytical methods, as one may see from Equations (2.53), (2.91) and (2.129). In other words, the correct values of natural frequencies for mode nos. 1 to 6 shown in Table 1 .2 are equal to zero from the point of views of elastic vibrations. However, a ship floating on the surface of water is equivalent to a rigid body supported by an elastic foundation (cf. Sections 2.7, 2.8, 2.12 and 2.13). Thus, its natural frequencies of surge, heave, sway, roll, pitch and yaw are not equal to zero and may be determined theoretically [8, 9] . (c) For a ship operating on the free water surface, its 6-DOF rigid-body motions are called surge, heave and sway for the translations in x, y and z directions, and roll, yaw and pitch for the rotations about the x, y and z axes, respectively, as shown in Figure 1 .2. Note that the xyz coordinate system shown in Figure 1 .2 for naval architecture is different from the local xyz or global xyz coordinate system shown in Figure 1 .1 for the FEM.
The maneuverability and stability of a ship are significantly affected by its natural frequencies of 6-DOF rigid-body motions [8] , and serious rigid-body motions of a ship are the main reasons for discomfort, seasickness and accidents. In fact, the 6-DOF rigid-body Table 1 .2 are also the important factors affecting the performance of an aircraft. (d) All mode shapes corresponding to natural frequencies other than those of mode nos. 1 to 6
in Table 1 .2 are due to elastic vibrations of the 3D beam shown in Figure 1 .1(b). Because of symmetry with respect to the xy plane and the xz plane, the natural frequency and mode shape for the two-node vertical vibration in the xy plane are identical to those for the twonode horizontal vibration in the xz plane, and so are those for the three-node vibrations, as one may see from mode nos. 7 to 10 in Table 1 Table 1 .2 and the lowest axial (longitudinal) natural frequency is 8070.616 56 rad/s, which is that of mode no. 20 shown in Table 1 .2. Because the lowest torsional and lowest longitudinal natural frequencies of the 3D beam are much higher than its bending ones, little problem associated with serious torsional or longitudinal vibration can be encountered if the exciting frequencies of the external loads are low in normal operations. (f) According to the numbering convention for the DOFs shown in Figure 1 .1(a), u 6ðiÀ1Þþ1 , with i ¼ 1; 2; 3; . . . ; n þ 1, denote the linear nodal displacements in the x direction of the 3D beam shown in Figure 1 .1(b). Thus, if any one of the last linear nodal displacements is constrained, then the rigid-body translation of the beam in the x direction will be prevented (i.e., u x ¼ 0). Similarly, u 6ðiÀ1Þþ4 , with i ¼ 1; 2; 3; . . . ; n þ 1, denote the angular nodal displacements about the x axis of the 3D beam. Constraining any one of the last angular nodal displacements will prevent the rigid-body rotation of the beam about the x axis (i.e., u x ¼ 0). (g) An unconstrained system is a semi-definite system. For a structural system in space, its unconstrained DOFs concerning the rigid-body motion is from one to six. Thus it may have one to six zero natural frequencies dependent on its supporting conditions. In contrast, a constrained system is a positive-definite system. All natural frequencies of a positivedefinite system are greater than zero. In other words, a semi-definite system has rigid-body motion(s) and this is not true for a positive-definite system. 
Objectives of Vibration Analyses
The objectives of vibration analyses may be discussed from the viewpoints of free vibrations and forced vibrations.
Free Vibration Analysis
One of the main purposes of a free vibration analysis performed on a vibrating (structural) system before its construction is to avoid the resonant condition when it is in normal operations after the completion of construction. For example, in ship design, a natural frequency chart like that of of horizontal vibration is n hi . The values of n vi and n hi for a ship in heavy loading condition are lower than the corresponding ones in light loading condition. This is because the total mass of the ship in heavy loading condition is greater than that in light loading condition, and the natural frequency of a ship is inversely proportional to the square root of its total mass, that is, n vi ðor n hi Þ / 1= ffiffiffiffi m p . For the last reason, the natural frequency associated with each vibration mode for either n vi and n hi (i ¼ 1; 2; 3; . . .) is a band rather than a straight line in Figure 1 .3. For convenience, the range for each vertical vibration mode is bounded by two solid lines and filled with shading, and the range for each horizontal mode is bounded by two dashed lines and filled with cross-hatching. From Figure 1 .3 one sees that most of the range of 100-600 RPM is occupied by the natural frequencies of vertical vibrations (n v2 to n v6 ) and those of horizontal vibrations (n h1 to n h4 ). Furthermore, some parts are occupied by different modes of vertical and/or horizontal vibrations simultaneously. For example, the fifth natural frequency of vertical vibration (n v5 ) in light loading condition is overlapped with the sixth one (n v6 ) in heavy loading; the full range for the third natural frequency of horizontal vibration (n h3 ) is covered by part of the range for the sixth one of vertical vibration (n v6 ). If the rotating speed of the propeller shaft is n s (RPM) and the total number of blades of the propeller is n b , then the exciting frequency due to the propeller is given by n p ¼ n s n b . The inclined thick dashed lines in Figure 1 .3 are obtained based on the last equation and denote the curves for shaft frequency, two-blade frequency, . . . and five-blade frequency, respectively. It is evident that, for a shaft with rotating speed n s ¼ 60 (RPM), the propeller-induced vibration frequency is n p % 120, 180, 240 and 300 RPM if the total numbers of blades of the propeller are two, three, four and five, respectively. Because n p % 240 RPM is near the range of n v3 and falls in the range of n h2 , the resonance in the third vertical vibration mode and/or second horizontal vibration mode is possible. Figure 1 .3 reveals that designing a structural system to avoid all modes of resonance is difficult. However, in general, only the lowest one or two modes of resonance should be avoided depending on the actual situations.
Forced Vibration Analysis
The main purpose of forced vibration analysis is to determine the responses of any points of the vibrating system subjected to various excitations with various exciting frequencies. It is usually performed in the time domain or frequency domain [11] . For convenience, the lowest five natural frequencies and associated mode shapes for the vertical vibrations (in the xy plane) of the uniform beam in pinned-pinned (P-P) supporting conditions as shown in Figure 1 .4 are determined first. The results are shown in Table 1 .3; they are obtained from FEM with 20 beam elements (i.e., n e ¼ 20) and each node has two DOFs (u y and u z ). From 
